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Abstract 
We study generalized ordered spaces in which every closed subspace is r-embedded and which 
satisfy the Dugundji Extension Theorem. We prove: Let X be a perfectly normal generalized 
ordered space in which the set E(X) = {z E X: ( +, XT] or [z, -) is open in X} is o-discrete 
in X. Then every closed subspace of X is n-embedded. Furthermore, for every closed subspace 
A of X and for any locally convex linear topological space Z there is a linear transformation 
u : C(A, 2) + C(X,Z) such that for each f E C(A,Z), u(f) is an extension of f and the 
range of u(f) is contained in the closed convex hull of the range of f. This is a partial answer to 
a question asked by Heath and Lutzer (1974). 0 1998 Published by Elsevier Science B.V. 
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1. Introduction 
In the present paper, we shall consider the properties of extensions of continuous 
mappings defined on closed subspaces of generalized ordered spaces. 
At first, we shall discuss on generalized ordered spaces in which every closed subspace 
is n-embedded. Let X be a topological space and A a closed subspace of X. Then A 
is said to be n-embedded in X if for every topological space Y and every continuous 
function f : A x Y + I there exists a continuous extension 7 : X x Y --f I of f, where 
I denotes the unit closed interval [0, 11. It is well known that every closed subspace of 
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a me&able space or a locally compact paracompact space is r-embedded [ 10,111, but 
the set of rationals is not T-embedded in the Michael line Nl [lo]. In [4], Fujii proved 
that every closed subspace of a C.C.C. linearly ordered space having at most countably 
many jumps is r-embedded. In Section 2, we shall extend his result to a perfectly normal 
linearly ordered space (moreover to a perfectly normal generalized ordered space). We 
shall also give examples of generalized ordered spaces in which every closed subset is 
n-embedded. 
Another extension theorem considered here is the Dugundji Extension Theorem. For 
a space X let C(X) be the linear space of all continuous, real-valued functions on X 
and C*(X) the subspace of C(X) consisting of bounded functions. In [2], Dugundji 
proved that for every closed subspace A of a metrizable space X there exists a linear 
transformation u : C(A) + C(X) such that for each f E C(A) 
(a) ,u(f) is an extension of f, and 
(b) the range of ,u(f) is contained in the closed convex hull of the range of f. 
Then we call u a simultaneous extender from C(A) to C(X). Many of the “Dugundji 
extension theorems” for more general spaces and functions having values in a locally 
convex linear topological space have been obtained by several authors. In particular, 
Heath and Lutzer [S] proved that for every closed subspace A of generalized ordered 
space X there exists a simultaneous extender from C*(A) to C*(X), but there exists 
no simultaneous extender from C(Q) to C(lVf0, where Q is the set of rationals and Nl 
is the Michael line. Connected with these results, they asked whether if there exists a 
simultaneous extender ‘u. :C(A) + C(X) for every closed subspace A of a perfectly 
normal generalized ordered space X. In Section 3, we shall obtain a partial answer to 
the question. 
A linearly ordered topological space (abbreviated LOTS) is a linearly ordered set 
endowed with the usual open-interval topology. A generalized ordered space (abbreviated 
GO-space) is a triple (X, r, <), where (X, <) is a linearly ordered set and 7 is a topology 
on X such that 
(i) X(<) c r, where X(<) is the open-interval topology with respect to <, and 
(ii) every point of X has a local r-base consisting of (possibly degenerate) intervals 
of x. 
It is known that the class of GO-spaces coincides with the class of (closed) subspaces 
of linearly ordered spaces. Let (X, <) be a linearly ordered set. For each a, b E X with 
a < b, let (a, b) = {Z E X: a < II: < b} be an open interval. Similarly, we use the 
symbols [a, b), (a, b] and [a, b] for half-open intervals and closed intervals. Furthermore, 
let(t,u)={zEX: 3:<u}and( a, -+) = {Z E X: z > u}. Similarly, we define 
(t, a] and [a, -). 
For a GO-space (X, T, <), we use the following notation from [3]: 
0 E(X)={zEX: (+-,2]E7-or[z,+)E7-}, 
l T(X)={ZEX: (t,~]~7and[2,~)~7},and 
0 N(X) = {Z E E(X) - I(X): (z, y) = 0 or (y,z) = 0 for some y E E(X) - 
I(X)}. 
We refer the readers to [3,9] for further notation and results on LOTS and GO-spaces. 
I! Hattori / Topology and its Applications 84 (1998) 43-54 45 
A subset of a space X is said to be a-discrete if it is the union of countably many 
closed discrete subspaces of X. 
Remark. Many of the results in this paper deal with perfectly normal GO-spaces in 
which the set E(X) is a-discrete. It is easy to see that a perfectly normal GO-space 
(X, 7, <) has E(X) . IS a-discrete if and only if there is a perfectly normal, densely 
ordered LOTS (Y, X, <‘) such that 
(a) X is a closed subspace of Y (i.e., r = {U fl X: U E X}), 
(b) the ordering of Y extends the ordering of X. 
2. 7r-embeddings for generalized ordered spaces 
We shall consider when in a GO-space every closed subspace is r-embedded. As 
we mentioned in the introduction, every closed subspace of a metrizable space or a 
C.C.C. LOTS having at most countably many jumps is r-embedded. We try to relax the 
metrizability and the countable chain condition for GO-spaces. Since the set of rationals 
is not r-embedded in the Michael line, our attempt is naturally restricted. We are focus 
in perfectly normal GO-spaces. We begin with a simple lemma. 
Lemma 2.1 [4]. Let X be a TychonofS space, Y a topological space and XI, x2 hue 
distinct points of X. Then for every continuous function f : {XI, x2} x Y + I there 
exists a continuous extension f : X X Y + I such that for each (x, y) E X x Y there is 
t E I such that f(x, y) = t. f(xl, 9) + (1 - t) . f(22, y). 
Theorem 2.2. Let X be a perfectly normal GO-space such that E(X) is o-discrete in X. 
Then eveq closed subspace of X is n-embedded. 
Proof. Let A be a closed subspace of X, Y a topological space and f : A x Y ---f I a 
continuous function. Then X-A is the union of a disjoint family U of convex components 
of X - A. Since X is perfectly normal, it follows from [3, Theorem 2.4.51 that U is o- 
discrete in X. Let U = U,“=, U,, where U, is discrete in X. Similarly, let Int A = U V, 
where U = U,“=, V, is a disjoint and a-discrete family of convex components of Int A. 
For each U E U we choose x(U) E U. We put A& = {z(U): U E 24). For each convex 
open set C in X, we put 
l Z(C) = max{a E A: a < 2 for all z E C}, and 
l r(C) = min{a E A: a > z for all 5 E C}, 
if the righthand of the above equations exist. 
Then for each n, we put 
u: = {u E us: l(U) exists} and UA = {U E l&: r(U) exists}. 
Similarly, we define Vi and Vi. Furthermore, we put 
l L,= {Z(U): u E u;>, 
. R, = {r(U): U E U;}, 
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l L:, = {l(V): V E VA}, and 
l R:, = {r(V): V E V;}. 
It is easy to see that all of L,, Rn, LL and Rk are discrete in X. Let L = lJ,“=, L,, 
R = U;=, R,, L’ = U,“=, Lk and R’ = Ur=, RA. Furthermore, we put 
B={arA-(LUR): a~UZk(a)~nUU+(a)~~}, 
where u-(a) = {U E U: x(U) < u} and u+(a) = {U E U: x(U) > o}. Let 
nf=M~uLuRuL’uR’u(E(X)nA)uB. 
Then A.1 is a GO-space and D = M - B is a-discrete in M. Since E(M) c D and D 
is dense in M, it follows from [3, Theorem 3.11 that M is metrizable. Then there exists 
a compatible metric p on M bounded by 1. 
For each n and each U E ZA, we shall define a continuous function f~ : U x Y + I. 
We consider the following four cases. 
Case 1. If U E Z& n ZJL, then we put U* = U U {Z(U), r(U)}. By Lemma 2.1, there 
is a continuous function ~IJ* : U’ x Y + 1 such that fu* is a continuous extension of 
fl{l(U),~(U)} x Y and f or each (2, y) E U* x Y there is t E I such that 
fu*(x,y) =t’.f(qU),Y) +(l -t).f(r(U)J). 
We put fry = fu* IU. 
Case 2. If U E l4: and U $ ITA;, then we put U* = U U {Z(U)}, and f,-~*(z, y) = 
f(l(U), y) for each (.r, y) E U* x Y. We put fu = fu* (U. 
Case 3. If U c$ il.4: and U E L/A, then we put U* = U U {r(U)}, and fu*(z, y) = 
f(r(U), y) for each (IC, y) E U* x Y. We put frr = fu* IU. 
Case 4. Finally, we suppose that U q! UA U .?A;. Notice that U is clopen in X. For each 
k 3 1, let Gk(x( U)) be the convex component of open (l/2’“)-ball B1,2k (z(U)) in M 
containing x(U). It is clear that Gk(z(U)) . IS an open neighborhood of x(U) in A/l. If 
Gn(x(U))-A& # 0, then wechoosea(U) E G7L(x(U))-A4~. If Gn(~(U))-Mu = 8 
and there is k < n such that Gk(z(U)) - Mu # 0, then we put 
k(U) = max{k: Gk(.x(U)) -Mu # S}. 
and we choose a(U) E Gk(U)(x(U)) - M u. If Go(z(U)) c A&, then we choose 
a(U) E A arbitrary. Note that a(U) E A so that f (a(U)) is defined. Now we define a 
continuous function fu : U x Y --) I as fLf(z, y) = f(a(U), y) for each (5, y) E U x Y. 
We define a function 7: X x Y + I as follows: 
ifTEA 
if .z E U’for some U E U. 
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It is clear that f is an extension of f and f is continuous on each piece. Hence it suffices 
to show that f is continuous at each point of Bd A x Y. Let (a, y) E Bd A x Y, T be a 
convex neighborhood of f(a, y)(= f(a, y)) in 1. S’ mce f is continuous at (a,~), there 
are a convex open neighborhood S of a in X and a neighborhood W of y in Y such that 
f( (S n A) x W) c T. We shall show that there are an open neighborhood P of a in X 
and an open neighborhood Q of y in Y such that P c S, Q c W and f(P x Q) c T. 
Since a E Bd A, it suffices to consider the following three cases: 
(I) a E UZA-(a)” n lJu+(a)~y, 
(II) a E UU+(U)~ - utI-(~)~, and 
(III) u E uzk(u)x - Uz4+(u)-x. 
Case I. Suppose that a E lJU- (u)~ f~ U&i+ (u)~. In this case, we can assume that S 
is an open interval (Q, ,!3), where cr < a < ,O. 
Subcase I-l. First, we suppose that there are UO E u-(a) and Ui E U+(a) such that 
a E ?$jx n cy. Then a = r(Ua) = 1( U, ) and H = UO U UI U {a} is a neighborhood of 
a in X. Since U; n UT = {a} and 
J;hY) = 1 &(x,y), ifx E Ul, f~;(x. y), if 5 E UT, 
there are a neighborhood P of a in H (and hence in X) and a neighborhood Q of y in 
Y such that P c S, Q c W and T(P x Q) c T. 
Subcase I-2. Suppose that there is UO E U-(u) such that a E Gx, and a $! nx 
for each U E L!+(u). Then a = I E N. There is a natural number n such that 
B,,?n (u) c S n M. S’ mce a E UU+(U)~ and, a q! u” for each U E U+(a), it follows 
that 
u E {x(U): u E U+(u)y. 
Hence there exists U+ E L/+(u) such that x(U+) E G n+z(a). Since Gn+2(u) is convex, 
it follows that [a, x( U’)] is a subset of G n+~(u). Then it follows that x(U+) < ,13. Let 
U+ E Z4,, and na = max{nr > n + 2). By the continuity of fry;, there are c’ E UO with 
c’ < a and a neighborhood Q of y in Y such that fu; ((8. u] x Q) c T and Q c IV. 
We put c = max{x(Ua), c’, Q} and 
P = (c,x(u+)) - u {UX: u E 24+(u) nz&, k 6 no}. 
Then P is a neighborhood of a in X. To show that f(P x Q) c T, let (p, q) E P x Q. 
Since z(U+) E G,+z(u) c S, it follows that P c (c,x(U+)) c S. Hence if p E A, 
then it follows from the fact (p, q) E P x Q c S x W that f(p, q) = f(p, q) E T. Hence 
we suppose that p $ A. If p < a, (p, q) E (c’, u] x Q. Thus f(p, q) = fu,; (p, q) E T. 
Next we suppose that p > a. Because p > a and p f A, p E 6 for some 6 E U+(u). 
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Choose ,%o so that 6 E L&,,. Because p E P, ko > no > n + 1. Then a < z(6) < z(U+). 
Now we shall check f(p, q) E T for the following four cases. 
(i) If fi E L/L, n U&, then Q < a < Z(u) < ~(6) < z(U+) < /3. Hence {1(c), 
T@)} c S. By the definition of f~, there is t E I such that 
f&V?) =t9(@):4) +(1 -+.f(@),q). 
Since f(l(@, q), f(~-(g), q) E T and T is convex, f&~, q) E T. 
(ii) If V E U& - UL09 then f(p, q) = fc(p, q) = f@(g), 4) E T. 
(iii) If 6 E L/l0 - L/iO, h t en we can similarly show that f(p, q) E T. 
(iv) We suppose that 6 6 U& U U&. Furthermore, we suppose that 
Gk,(z(U)) - n/l, # 0. 
Since z(6) E [u, z(U+)] c Gn+2(a), p(z(@,a) < l/2”+*. Since ko > no > n + 1, we 
have 
1 1 1 1 1 --__ 
< 5 + p+2 < 2n+1 + p+2 < 5’ 
Therefore, u(6) E S and hence f(p, q) = fc(p, q) = f(u(6), q) E T. Next, we suppose 
that G~,(z(@) - Mu = 0. Since z(U+) E Gn+2(a), a < z(6) < x(U+) and G,+~(u) 
is convex, it follows that z(c) E G,+z(u) c B1,2n+2(a). For each u E X with a < u < 
z(U), u E G,+*(u) c B1jzn+z(a). Hence 
Hence [a,~$?)) c B,p+t(x(6)) and h ence a E Gn+l (z(6)). Therefore, a E 
Gn+,(z(@) - A&. Since Ic(6) > n + 1 and a(6) E G,(+(z(fi)), it follows that 
Hence 
and hence u(c) E S. Therefore, f(p, q) = f~(p, q) = f(u(fi), q) E T. 
Subcase I-3. Suppose that there is Ul E L!+(u) such that a E cx, and a 4 ux for 
each U E U-(u). The proof is similar to Subcase I-2. 
Subcuse I-4. Suppose that a # gx for each U E Lf. Then it follows from the definition 
of the set B that a E B c M. There is a natural number 72 such that Blp (u) c Sll Al. 
As is shown in the proof for the Subcase I-2, it is easy to see that 
u E {CC(~): u E U-(U)}~ n (~$7): u E U+(U))~. 
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Thus there are U- E Z&(a) and U+ E Z,!+(a) such that z(U) E G,+z(a) and 
z(U+) E Gn+2(a). Notice that o < z(U) < a < x(U+) < /I. Let U- E .K,, 
U+~U,~andna=max{ni,n~,n+2}.WeputQ=Wand 
P = (+,-),++)) - u {i-jx: u E .?&, k < no}. 
Then P and Q are neighborhoods of a in X and y in Y, respectively, and we can show 
that f(P x Q) c T by a similar argument as the Subcase I-2. 
Case II. Suppose that a E ~JZ,!+(U)~ - UZk (u)~. We can assume that S n 
(Uu-(a)) = 0. A d n we can suppose that S is either an open interval (a, ,@ or a 
half-open interval [a, ,B), where Q: < a < /3. 
Subcase II-l. Suppose that there is UI E U+(a) such that a E G”. Then a = I E 
M and (+-, a] is not open. 
(i) If 7-(Ul) exists, U; = U1 u {l(U,), $71 )}. By the continuity of fu,, there are 
d’ E X and a neighborhood Q of y in Y such that a < d’ < z( U, ), Q C W and 
fu; ([a, d’) x Q) c T. We put d = min{P, d’} and 
p = 
{ 
(~~4, if a 4 E(X), 
[a, 4, if a EE(X). 
Then it is easy to see that P is a neighborhood of a in X and f(P x Q) c T. 
(ii) If r(U,) does not exist, we put d = min{P, x(Ul)} and 
p = (a,& if a $ E(X), 
C [a. 4, if aE E(X). 
Then P is a neighborhood of a in X and f(P x Q) c T. 
Subcase 11-2. Suppose that a $ ux for each U E U+(a). 
(i) First, we shall consider the case of a $! E(X). Then 5’ is an open interval (Q, /3). 
Since ((Y, a) is convex open set contained in A, there is V E V such that (a? a) C 
V. Then a E Vx. Since a E UU+(U)~, it follows that a $ Int A and hence 
a E BdV. Hence it is easy to see that a = r(V) E M. There is a natural 
number rz such that B1,2n(a) c S n M. Similar to Subcase I-2, we can see that 
a E {z(U): u E 24+(a)}” and there is Uf E U+(a) nL&, such that z(U+) E 
G,+z(a). Let no = max{ni, n + 2}, Q = W and we put 
p = (~,~(U’)) - u {F: u E Uk, k < no} 
Then P is a neighborhood of a in X such that T(P x Q) C T. 
(ii) Second, we suppose that a E E(X). Then S is a half-open interval [a, p) and 
a E E(X) n A c M. Hence there is a natural number n such that Bi,zn (a) C 
[a,/3) n M. Since a E {x(U): U E U+(U)}~‘, there is Uf E U+(a) nun, such 
that CL-(U+) E Gn+2 (a). Let no = max{ni, n + 2}, Q = W and we put 
P= [U,Z(u+)) -U{n”: UEUk, k<nO}. 
Then P is a neighborhood of a in X such that f(P x Q) C T. 
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Case III. Let a E UI?.&(~)~ --~U+(U)~. I n a similar fashion as Case II, we can show 
the continuity of f at (a, y). 
This completes the proof of Theorem 2.2. 0 
Corollary 2.3. Let X be a peqectly normal LOTS such that N(X) is a-discrete in X. 
Then every closed subspace of X is n-embedded. 
Proof. Since X is an LOTS, we have 
E(X) = N(X) U I(X) U {x E X: (x, y) = 0 or (y,z) = 0 for some y E I(X)}. 
Since X is perfectly normal, it follows from [3, Theorem 2.4.51 that 
I(X) U {II: E X: (x, y) = 0 or (y,x) = 0 for some y E I(X)} 
is g-discrete in X. 0 
Fujii [4] mentioned that every closed subspace of a C.C.C. GO-space X with at most 
countably many jumps is T-embedded. However, his proof contains a gap. And there is 
an example of a C.C.C. GO-space X such that X has at most countably many jumps, but 
E(X) is not a-discrete. In fact, the Sorgenfrey line S has no jumps, but E(S) is not 
a-discrete. Hence, we can ask the following question which connects with Corollary 2.3. 
Question 2.4. Let X be a perfectly normal (or c.c.c.) GO-space such that N(X) is 
a-discrete in X (or countable). Is every closed subspace of X n-embedded? 
We notice that every closed subspace of the Sorgenfrey line S is r-embedded (see 
Example 2.11 below). We also notice that every metrizable GO-space satisfies the as- 
sumption of Theorem 2.2. Since every C.C.C. GO-space is perfectly normal, it follows 
from Theorem 2.2 that every closed subspace of a connected Suslin line is an example 
of nonmetrizable LOTS which satisfies the assumption of the theorem. It is well known 
that the existence of the Suslin line depends on certain set theoretic axioms. Thus, we 
can ask the question. 
Question 2.5. Without any set-theoretic assumptions beyond ZFC, is there a nonmetriz- 
able perfectly normal LOTS (or GO-space) X such that E(X) is o-discrete in X? 
If the question would have a positive answer, then we could answer the following 
question originally asked by M. Maurice and J. van Wouwe: 
Question 2.6 [ 1, Question 21. Without any set-theoretic assumptions beyond ZFC, is 
there a perfectly normal LOTS which does not have a a-discrete dense subset? 
The Michael line M is the only example known to be a GO-space which has a non- 
r-embedded closed subspace. Furthermore, the Michael line is not perfectly normal and 
N(M) is not g-discrete. Hence we can ask the following questions: 
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Question 2.7. Is every closed subspace of a perfectly normal GO-space (or LOTS) n- 
embedded? 
Question 2.8. Is every closed subspace of a paracompact GO-space (or LOTS) X such 
that E(X) is a-discrete in X n-embedded? 
If Question 2.7 would have a positive answer, then Question 2.4 could have. 
Fujii [4] also proved that every closed subspace of a locally compact GO-space is 
a--embedded. In a similar fashion as the proof of Theorem 2.2, we can slightly extend 
the result (in fact, this case is more simple than Theorem 2.2). 
Theorem 2.9. Let X be a GO-space, A a closed subspace of X and X - A = UU, 
where ZA is a disjoint family of convex components of X - A. If 
U’ = {U E U: U has neither l(U) nor r(U)} 
is discrete in X. then A is T-embedded in X. 
Proof. Let Y a topological space and f : A x Y 4 I a continuous function. For each 
U E U we shall define a continuous function fu : U x Y + I. We shall consider the 
four cases: 
(1) U has both l(U) and r(U), 
(2) U has I(U) only, 
(3) U has r(U) only, and 
(4) U has neither Z(U) nor r(U). 
Since the definition of fu for the cases (l)-(3) is quite parallel to that of Theorem 2.2, 
we omit it. For the case (4) we define fu = 0. 
Finally, we define a function f : X x Y + I as follows: 
f(x, Y)9 
f(z’ ‘) = { fu(z, y), 
if ZEA 
if z E U for some U E U. 
Then it is easy to see that f is a continuous extension of f. This completes the proof. 0 
Corollary 2.10 [4, Theorem 3.51. Let X be a locally compact GO-space. Then every 
closed subspace A of X is r-embedded in X. 
Proof. Since X is locally compact, it is easy to see that U’ is discrete in X. Hence. by 
Theorem 2.9. A is r-embedded in X. 0 
We also use Theorem 2.9 to find some examples of GO-spaces in which every closed 
subspace is n-embedded. 
Example 2.11. Every closed subspace of the Sorgenfrey line S is n-embedded. In fact, 
let A be a closed subspace of S. Let S - A = UU, where 2.4 is a disjoint family of 
convex components of S - A and 
U’ = {U E U: U has neither Z(U) nor r(U)}. 
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As is shown in [5, Example 3.11, it follows that the cardinality of U’ is at most 1. Thus, 
by Theorem 2.9, A is n-embedded in CJ. 
Remark. Example 2.11 have been already mentioned in [4] (and see [6]). To show the 
example, Fujii used the following: every closed subspace of a C.C.C. GO-space X with 
at most countably many jumps is r-embedded. However, as mentioned above, his proof 
of the result contains a gap. Hence, we restate the example here. 
Corollary 2.12. Let X be a GO-space such that the underlining ordered set is well- 
ordered. Then every closed subspace A of X is r-embedded. 
Proof. Let X - A = UZA, where IA is a disjoint family of convex components of X - A 
and 
U’ = {U E U: U has neither Z(U) nor r(U)}. 
Let U E U be upper bounded. Since the underlining ordered set is well-ordered, U has an 
r(U). Hence the cardinality of U’ is at most 1. Thus, by Theorem 2.9, A is r-embedded 
inX. 0 
The following is an example of a “Michael line” type GO-space in which every closed 
subspace is r-embedded. It is a direct consequence of Corollary 2.12. 
Example 2.13 [8]. Let Si and 5’2 be disjoint stationary subsets of wi such that wi = 
Si U &. Let X = wi be the topological space endowed with the topology 
{U U V: U is an open set of the usual order topology of WI and V c 5’2). 
Then, it follows from Corollary 2.12 that every closed subset of X is r-embedded. It 
should be noticed that X x 5’2 is not normal (see [7, Corollary 3.31) and X is neither 
perfectly normal nor E(X) is o-discrete. 
3. Dugundji Extension Theorem for generalized ordered spaces 
In this section, we shall consider GO-spaces for which every closed subspace A there 
exists a simultaneous extender u : C(A) 4 C(X). 
Definition 3.1 (cf. [5]). Let X be a normal space, A a closed subspace of X and 2 
be a locally convex linear topological space. Let C(X, 2) be the linear space of all 
continuous mappings from X to 2, and C*(X, 2) the subspace of C(X, 2) consisting 
of bounded mappings. Then, a linear transformation ‘u. :C(A, 2) -+ C(X, 2) is said to 
be a simultaneous extender if u satisfies the following conditions: for each f E C(A, Z), 
(a) u(f) is an extension of f, and 
(b) the range of u(f) is contained in the closed convex hull of the range of f. 
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The notion of the simultaneous extender from C’ (A, 2) to C* (X, 2) is analogously 
defined. 
In [5], Heath and Lutzer proved that for every closed subspace A of a GO-space X 
there exists a simultaneous extender u : C*(A) 4 C’ (X). They also proved that there 
exists no simultaneous extender from C(Q) to C(M), where Q is the set of rationals in 
the Michael line M. In the same paper, they also proved the Dugundji Extension Theorem 
for unbounded continuous functions on perfectly normal GO-spaces under an additional 
assumption on a closed subspace. Connected with these results, they asked the following 
questions: 
Question 3.2. If A is a closed subspace of a perfectly normal GO-space (or LOTS) X, 
must there be a simultaneous extender from C(A) to C(X)? 
Question 3.3. Let X be a GO-space, A a closed subspace of X and 2 be a locally 
convex linear topological space. Is there a simultaneous extender from C*(A, 2) to 
C’(X, Z)? 
We partially answer the questions above. 
Theorem 3.4. Let X be a perfectly normal GO-space such that E(X) is u-discrete in X 
and Z a locally convex linear topological space. Then there is a simultaneous extender 
from C(A, Z) to C(X, Z). 
Proof. We use the same notation as in the proof of Theorem 2.2. Let g E C(A, Z). We 
shall define 9: X --+ Z. To do this, for each natural number n and each U E Z&, we 
shall define a continuous mapping gu : U 4 Z as follows. 
Case 1. If U E ,?A: n Ui, then we put U* = U U {l(U),r(U)}. Since X is normal, 
there is a continuous function rJu : X -+ 1 such that 
( +-,l(U)] c r&‘(O) and [r(U),+ ) c r&‘(l). 
We define gu- : U” + Z as 
gri*(z) = (1 -&J)(X) .g(l(U)) + ~Du(x) .g(r(U)) for 2 E U*. 
We put gu = gu* [U. 
Case 2. If U E Ui and U 6 ZJ, then we define gu(x) = g(l(U)) for each z E U. 
Case 3. If U $! Ui and U E l/A, then we define gu(x) = g(r(U)) for each x E U. 
Case 4. Suppose that U 4 24: U UA. Let u(U) be the point of A defined in the proof 
of Theorem 2.2. Then we define gu(x) = g(a(U)) for each z E U. 
Finally, we define a function ?j : X -+ Z as 
s(x) = 
{ 
g(x), if x E A, 
gu(z) , if x E U for some U E U. 
Then it is easy to see that 7~ is a continuous extension of g and the range of 3 is contained 
in the closed convex hull of the range of g. Hence if we define u(g) = 3, we obtain the 
required extender. 0 
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Corollary 3.5. Let X be a perfectly normal GO-space such that E(X) is u-discrete in 
X. Then there is a simultaneous extender from C(A) to C(X). 
The following is an analogue of Theorem 2.9, and the proof is similar to Theorem 3.4. 
Theorem 3.6. Under the same assumption as Theorem 2.9, there is a simultaneous ex- 
tender from C(A) to C(X). 
Corollary 3.7. Let X be the GO-space described in Example 2.13. Then for every closed 
subset A of X there is a simultaneous extenderfrom C(A) to C(X). 
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